We present the theory of higher order local variational principles in fibered manifolds, in which the fundamental global concept is a locally variational dynamical form. Any two Lepage forms, defining a local variational principle for this form, differ on intersection of their domains, by a variationally trivial form. In this sense, but in a different geometric setting, the local variational principles satisfy analogous properties as the variational functionals of the Chern-Simons type. The resulting theory of extremals and symmetries extends the first order theories of the Lagrange-Souriau form, presented by Grigore and Popp, and closed equivalents of the first order Euler-Lagrange forms of Haková and Krupková. Conceptually, our approach differs from Prieto, who uses the Poincaré-Cartan forms, which do not have higher order global analogues.
I. INTRODUCTION
It is well known that differential equations for critical points of a variational functional in a fibered manifold can be represented by a global differential form, the Euler-Lagrange form, whose components are the Euler-Lagrange expressions. It is also well known that there exist differential equations, represented by similar global differential forms, the dynamical forms, which are locally variational, but do not admit a global Lagrangian. A deeper understanding of this phenomenon is provided by the variational bicomplex theory ͑Vinogradov, 31 Takens, 28 Anderson and Duchamp, 2 Dedecker and Tulczyjew, 6 and Tulczyjew 30 ͒, and the ͑finite order͒ variational sequence theory ͑Krupka, 20 Grigore, 10,11 Vitolo, 32 and Krbek and Musilová 14 ͒. The corresponding variational principles in the first order field theory have been recently studied by several authors. Grigore and Popp 12 extended the ideas of Souriau 27 on the role of closed 2-forms in mechanics to ͑n +1͒-forms in the variational theory for n-dimensional submanifolds of a given manifold. They introduced the Lagrange-Souriau form, representing the EulerLagrange equations, and proved that this form is equal to the exterior derivative of the fundamental Lepage form in the sense of Krupka, 15, 18 ͑see also Betounes 3, 4 and Rund 25 ͒. The theory presented by Prieto Closed 2-forms in higher order mechanics, equivalent with the Euler-Lagrange forms, were studied by Krupková. 21, 22 This paper is devoted to local variationality in the framework of the higher order variational theory on fibered spaces ͑Krupka 19, 15 ͒, and the variational sequence theory. In general, for higher order Lagrangians in field theory a global analogue of the Poincaré-Cartan form does not exist. We show that instead of this form one can use any Lepage form; the Poincaré-Cartan form is an example of a first order Lepage form. Any ͑higher order͒ Lepage form gives rise, by means of the global variation formula, to the ͑higher order͒ Euler-Lagrange form. Conceptually, the theory is quite simple and clear. In particular, it is easy to understand, in full generality, that there exist ͑global͒ dynamical forms, admitting local higher order Lagrangians, but not a global one.
In Sec. II we give a survey of the higher order variational theory on fibered spaces. Section III is devoted to some new results on infinitesimal symmetries, based on the fundamental Lepage form. In Sec. IV we introduce a local variational principle for a locally variational dynamical form. We give the first variation formula and discuss properties of transformations, leaving invariant the local variational principle, and the locally variational form.
In this paper we suppose that we have a fibered manifold : Y → X, and write n = dim X, and 
We define the formal derivative operator by 
II. LAGRANGE STRUCTURES

A. Differential forms on jet spaces
where f : W r → R is a function, and 0 ഛ p ഛ r. Note that h can be defined intrinsically: for a k-form ⍀ k r W, where 0 ഛ k ഛ n, we define h to be a unique r+1 -horizontal form such that J r ␥ * = J r+1 ␥ * h for every section ␥ of Y ͑here * denotes the pull-back operation͒.
We say that a form ⍀ k r W is contact, if h = 0. For any fibered chart ͑V , ͒, = ͑x i , y ͒, the 1-forms If is a Lepage equivalent of a Lagrangian ⍀ n,X r W, expressed by ͑2͒, then one can get by a direct calculation
where 
⌰ is the Poincaré-Cartan equivalent of , or the Poincaré-Cartan form.
where
⌽ has the following remarkable properties: ͑a͒ d⌽ = 0 if and only if E = 0, and ͑b͒ = h for some ⍀ n 0 W if and only if E is 2,1 -projectable. The form ⌽ was introduced for the first time by Krupka, 15, 18 and it was rediscovered by Betounes, 3,4 and Rund 25 who wrote ⌽ in a more simple way as it stands in ͑5͒.
͑3͒ Expression
generalizes the Poincaré-Cartan form to second order Lagrangians ⍀ n,X 2 W ͑Krupka 15 ͒, higher order generalizations can be found in Krupka. 19 It can be shown that every Lepage equivalent of a Lagrangian = L 0 of order r has the chart expression = ⌰ +d + , where
is a contact form, and is of order of contactness ജ2. Expression ͑6͒ defines a differential form on J 3 Y, but for r ജ 3, the ͑local͒ Lepage equivalents ͑7͒ of are no longer invariant.
D. Automorphisms, variations
By an automorphism of Y we mean a diffeomorphism ␣ : W → Y, where W ʚ Y is an open set, such that there exists a diffeomorphism ␣ 0 : ͑W͒ → X such that ␣ = ␣ 0 . If ␣ 0 exists, it is unique, and is called the -projection of ␣. The r-jet prolongation of ␣ is an automorphism
Let U ʚ X be an open set, and let ␥ : U → Y be a section. Let be a -projectable vector field on an open set W ʚ Y such that ␥͑U͒ ʚ W. If ␣ t is the local one-parameter group of , and ␣ ͑0͒t is its projection, then since ␣ t = ␣ ͑0͒t ,
is one-parameter family of sections of Y, depending smoothly on t. ␥ t is called the variation, or the deformation of ␥, induced by .
We define the r-jet prolongation of to be the vector field J r on J r Y whose local oneparameter group is J ␣ t r . Thus,
E. Global variational functionals
Let ⍀ be a piece of X ͑a compact, n-dimensional submanifold of X with boundary ‫ץ‬⍀͒, let ⌫ ⍀,W ͑͒ be the set of smooth sections ␥ over ⍀ such that ␥͑⍀͒ ʚ W. Suppose that we have a Lagrangian ⍀ n,X r ͑W͒. This gives rise to the variational functional, or the action function associated with , ⌫ ⍀,W ͑͒ ␥ → ⍀ ͑␥͒ R, defined by
Choose a section ␥ ⌫ ⍀,W ͑͒ and a -projectable vector field on Y, and consider the induced variation ␥ t of ␥. Since the domain of ␥ t contains ⍀ for all sufficiently small t, we get a real-valued function on a neighborhood ͑−⑀ , ⑀͒ of the origin 0 R,
Differentiating this function at t = 0 we obtain
where ‫ץ‬ J r is the Lie derivative of by J r . The number ͑8͒ is the variation of the variational function ⍀ at ␥, induced by the vector field . This formula shows, in particular, that the function ⌫ ⍀,W ͑͒ ␥ → ‫ץ͑‬ J r ͒ ⍀ ͑␥͒ R is the variational functional ͑over ⍀͒ associated with the Lagrangian ‫ץ‬ J r . We call this function the variational derivative, or the first variation of ⍀ by .
We now compute the Lie derivative ‫ץ‬ J r . Choose for this purpose a Lepage equivalent of , and denote by s the order of . Since = h, or, which is the same, J r ␥ * = J s ␥ * for all sections ␥, we obtain
Omitting ␥ and using the Euler-Lagrange form ͑3͒ and ͑4͒, we get
This is the differential first variation formula; the first term on the right-hand side is the EulerLagrange term, and the second one is the boundary term.
Writing ͑9͒ in coordinates, we obtain the well-known classical expressions, standing behind the variation integral.
F. Extremals
Let ⍀ n,X r W be a Lagrangian, and let ⍀ n s W be a Lepage equivalent of . We say that a section ␥ ⌫ ⍀,W ͑͒ is stable with respect to a variation of ␥, if ‫ץ͑‬ J r ͒ ⍀ ͑␥͒ = 0. Stable sections with respect to families of variations are defined in an obvious way. If ␥ is stable with respect to all with support contained in −1 ͑⍀͒, we say that ␥ is an extremal of ⍀ . A section ␥ which is an extremal of every ⍀ is called an extremal of .
The following conditions are equivalent: ͑1͒ ␥ is an extremal of , ͑2͒ ␥ satisfies
for all -vertical vector fields , and ͑3͒ for every fibered chart on Y, ␥ satisfies the system of partial differential equations 
G. Trivial Lagrangians
The functions H We also say that is invariant with respect to ␣. Let be a -projectable vector field on Y. We say that is the generator of invariant transformations of , if
In this case we also say that is invariant with respect to . 
The following simple consequence of the first variation formula is known as the Noether's theorem. 
III. INVARIANCE: FIRST ORDER VARIATIONAL PRINCIPLES
One of specific features of the first order Lagrange structures consists in existence of two "simple" Lepage forms ͑Sec. II C͒. The first one is the Poincaré-Cartan form, whose order of contactness is ഛ1 ͑see, e.g., García, 8 Goldschmidt and Sternberg, 9 Krupka, 17 Prieto 24 ͒. The second one is the fundamental Lepage form, whose order of contactness is, in general, maximal, i.e., ഛn. We now compare invariance properties of these forms. Our results extend the usual concepts, based on the use of the Poincaré-Cartan form. For general approach to invariance we refer to Trautman 29 and Krupka.
17,15
As before, we denote by ⌽ the fundamental Lepage equivalent, associated with a first order Lagrangian , and by ⌰ the Poincaré-Cartan equivalent. 
Proof: ͑1͒ Let ␣ 0 be the projection of ␣, and let ͑V , ͒, = ͑x i , y ͒, and ͑V , ͒, = ͑x i , ȳ ͒, be two fibered charts such that ␣͑V͒ ʚ V . Let ͑U , ͒, = ͑x i ͒, and ͑Ū , ͒, = ͑x i ͒ be the associated charts on X. Denote 
Computing the derivative by the chain rule, we get
or, which is the same, by
Summarizing, we see that the mapping J 1 ␣ is expressed by equations
͑2͒ We now derive chart expressions for the forms ␣ 0 * 0 and ␣ 0 * i 1 i 2¯ik , where 1 ഛ k ഛ n. We have, with obvious conventions,
Analogously, since
Continuing in the same way we obtain ␣ 0
͑3͒ Similarly,
͑4͒ We now prove Theorem 5. To simplify our formulas, we sometimes write x, or ␥͑x͒, instead of J x 1 ␥. Let the Lagrangian be expressed over V by
Then over V,
We can express the form ⌽ J 1 ␣ * over V. Taking into account the summand containing k exterior factors , we have the form from formula ͑5͒, 
, and in the same way
On the other hand, consider in ⌽ the summand
over V . Computing the pull-back J 1 ␣ * ⌽ , and in particular, the pull-back of the differential form ͑14͒, we obtain
͑18͒
Proof: From Theorem 5 it follows that
which is exactly formula ͑18͒.
We are now in the position to study symmetries of the first order Lagrange structures. According to the definition used by Prieto, 24 an infinitesimal symmetry of a first order Lagrangian is a vector field ⌶ on J 1 Y such that ‫ץ‬ ⌶ ⌰ =−d for some ͑n −1͒-form . Clearly, if ⌶ is an infinitesimal symmetry, then d‫ץ‬ ⌶ ⌰ = 0, and the converse holds locally. In the following theorem we consider infinitesimal symmetries of the form ⌶ = J 1 , where is a -projectable vector field, and compare them with generators of invariant transformations of the Euler-Lagrange form. ͑b͒ Supposing that d‫ץ‬ J 1 d⌰ = 0 we obtain d⌰ ‫ץ‬ J 1 =0 ͑Corollary 2͒ and by definition, Remark 2: It is not known whether there exists a generalization of the fundamental Lepage form ⌽ to higher order Lagrange structures.
IV. LOCAL VARIATIONAL PRINCIPLES
A. Local variational principles
Let ⍀ n+1,Y s Y be a locally variational form ͑ is supposed to be defined globally͒. According to Sec. II H, the fibered manifold Y can be covered by open sets V , I, such that to every , there exists a Lagrangian over V for the form ͉͑ V ; over the intersections V പ V , the Lagrangians and differ by a trivial Lagrangian. In general, a globally defined Lagrangian for need not exist.
In our definition of a local variational principle, we rephrase these properties of locally variational forms in terms of the Lepage forms. We say that a family ͕͑V , ͖͒ I , in which ͕V ͖ I is an open covering of Y and for every I, ⍀ n s V is a Lepage form, is said to be a local variational principle, if for every , I, 
B. First variation formula, extremals
A basic tool for an analysis of extremals and invariant transformations of a variational functional is the first variation formula. We now give a formulation of the first variation formula for local variational principles.
Let ͕͑V , ͖͒ I be a local variational principle of order s. Fix an index I, and choose a piece ⍀ ʚ ͑V ͒. Then we have the variational functional
For any -projectable vector field on Y, we have the first variation formula
This formula can easily be written by means of the associated Lagrangian = h . Since
where E is the Euler-Lagrange form of ͕͑V , ͖͒ I . This is another formulation of the first variation formula for the local variational principle ͕͑V , ͖͒ I . We have the following simple observation. A section ␥, satisfying any of these two equivalent conditions, is called an extremal of the local variational principle ͕͑V , ͖͒ I .
C. Invariant transformations
It is straightforward to extend the theory of invariant transformations as introduced in Sec. II I, to local variational principles. The concept of a Lagrangian in this case is defined only locally, but we still have the notions of invariance of the Euler-Lagrange form.
Suppose that we have a local variational principle ͕͑V , ͖͒ I of order s, and denote by E its Euler-Lagrange form. Let ␣ : W → Y be an automorphism of Y. We say that ␣ is an invariant transformation of E, if
A -projectable vector field on Y is said to be the generator of invariant transformations of E, if
The following is straightforward. 
